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Abstract

An analytical model for fluid flow and heat transfer in a micro-heat pipe of polygonal shape is presented by utilizing
a macroscopic approach. The coupled nonlinear governing equations for fluid flow, heat and mass transfer have been
modified and have been solved analytically. The analytical model enables us to study the performance and the limita-
tions of such a device and provides the analytical expressions for critical heat input, dry-out length and available cap-
illary head for the flow of fluid. A dimensionless parameter, which plays an important role in predicting the
performance of a micro-heat pipe, is obtained from the analytical model. The results predicted by the model compared
with the published results in literature and good agreement has been obtained. The general and analytical nature of the
simple model will have its applicability in the design of micro-heat pipes.
� 2005 Elsevier Ltd. All rights reserved.
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1. Introduction

Micro-grooved heat pipes have become one of the
most promising cooling devices because of their high
efficiency, reliability and cost effectiveness. The applica-
tions of micro-heat pipes have expanded from the ther-
mal control of integrated electronic circuits packaging,
laser diodes, photovoltaic cells, infrared (IR) detectors
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and space vehicles to the removal of heat from the lead-
ing edges of stator vanes in turbines and nonsurgical
treatment of cancerous tissue. The current concepts in
integrated circuit (IC) packaging are motivated by the
development of metal oxide semi-conductor (MOS)
and very large scale integration (VLSI) technologies,
which require higher levels of device integration. The
continuous increase in the device integration density
leads to a rapid rise in the power generation from such
device resulting in increased thermal gradient and higher
mean operating temperature in the devices leading to
their improper functioning. Thus, it is necessary to de-
velop new thermal control schemes capable of removing
heat from the electronic chip. In cases where large
amounts of heat need to be removed, two-phase heat
ed.
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Nomenclature

a side length of a regular polygon or smaller
side of a rectangle, m

a1 larger side length of a rectangle, m
Acs area of cross-section for fluid flow, m2

Al total liquid area, m2

A0
l liquid area of one corner, m2

B performance factor
B1 constant in expression for Al

B0
1 constant in expression for R� in condensing

region
B0
2 constant in expression for R� in adiabatic

region
B0
3 constant in expression for R� in evaporative

region
B2 constant in expression for dR�

dX �

f friction factor
f1 nondimensional coordinate of the junction

of condensing and adiabatic sections
f2 nondimensional coordinate of the junction

of adiabatic and evaporative sections
g acceleration due to gravity, m/s2

K 0 constant in expression for B2

L length of heat pipe, m
Ld dry-out length, m
Lh half of total wetted length, m
Ks thermal conductivity, W/(mK)
m constant in the expression for generalized

heat flux
n number of sides of a heat pipe polygon
NRe Reynolds number
Pl liquid pressure, N/m2

P �
l nondimensional liquid pressure

PR reference pressure, N/m2

Pvo pressure in vapor region, N/m2

Q net heat supplied, W
Qin heat input, W
Q 0 heat input, W
Q0

c heat flux in the condensing region, W/m2

Qcr critical heat flux, W/m2

Q0
e heat flux in the evaporative region, W/m2

Qv heat flux for vaporization of liquid, W/m2

R radius of curvature, m
R� nondimensional radius of curvature

R�
1 nondimensional radius of curvature at f1

R�
2 nondimensional radius of curvature at f2

R0 reference radius, m
Re rectangle
Rl meniscus surface area per unit length, m
Tcon temperature at the cold end, �C
Tr triangle
TR reference temperature, �C
Ts temperature of substrate, �C
T �
s dimensionless substrate temperature

Vg axial vapor velocity, m/s
Vl axial liquid velocity, m/s
V �

g nondimensional vapor velocity
V �

l nondimensional liquid velocity
VR reference liquid velocity, m/s
Wb perimeter of the heat pipe polygon, m
x coordinate along the heat pipe, m
X� nondimensional coordinate along heat pipe
X �

d nondimensional coordinate of the onset of
dry-region

Greek symbols

a half apex angle of polygon, radian
b inclination of substrate with horizontal,

radian
c contact angle, radian
/ curvature, m�1

k latent heat of vaporization of coolant liquid,
J/kg

l viscosity of coolant liquid, kgm�1 sec�1

ql density of coolant liquid, kg/m3

qg density of vapor, kg/m3

r surface tension of coolant liquid, N/m
sw wall shear stress, N/m2

g, n, f variables used for integration

Subscripts

c condenser section
d onset of dry-out region
e evaporative section
g vapor
l coolant liquid
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transfer can prove to be a better technique. Therefore, a
micro-grooved heat pipe is one of the promising options
for micro-electronics cooling. Although the use of
micro-heat pipes for enhanced heat transfer is becoming
more common, the exact nature of liquid evaporation
from the corners of a micro-heat pipe and the associated
capillary pumping capacity has not been investigated in
detail. The analytical model of micro-heat pipes is neces-
sary for the complete understanding of the transport
processes and the design of such devices.

Cotter [1] first proposed the concept of micro-heat
pipe as a wickless heat pipe for uniform heat distribution
in electronic chip. The micro-grooved heat pipe is filled
with a working fluid and the pipe is sealed. Heat flux
is applied to a portion of the heat pipe, called evapora-
tive section, to vaporize the liquid in that region. The
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vapor is pushed towards the condenser section. The cap-
illary pressure and the temperature difference between
the evaporative and condenser sections promote the flow
of the working fluid from the condenser back to the
evaporator through the corner regions. Suman and
Hoda [2] showed that the sharp angled corners are neces-
sary for a good heat pipe operation. Swanson and Herdt
[3] showed that the meniscus recession in the evaporative
section causes a reduction in the meniscus radius causing
an increase in the capillary pressure. The flow of fluid
is primarily governed by the pressure difference at the
liquid–vapor interface. The pressure difference at the inter-
face is a function of the radius of curvature of the liquid
meniscus, surface tension and wettability of the coolant
liquid and substrate system [4–13].

Micro-heat pipes, which could be embedded directly
onto the silicon substrate of an integrated circuit, have
been investigated in several studies conducted by Mallik
and Peterson [14], Mallik et al. [15] and Peterson et al.
[16]. They have also reported experimental data taken
on several water-charged micro-heat pipes with a
cross-sectional dimension of about one millimeter. Ba-
bin et al. [17] have developed a steady-state micro-heat
pipe model to quantify heat transport capacity. Longtin
[18] has developed a one-dimensional steady-state model
of the evaporative and adiabatic sections of a micro-heat
pipe to calculate working fluid pressure, velocity and
film thickness along the length of the pipe. Peterson
and his co-workers [19,20] have successfully used the
Young–Laplace equation to describe the internal fluid
dynamics of micro-heat pipes. The minimum meniscus
radius and maximum heat transport in triangular
grooves have also been studied [20]. A detailed thermal
analysis and various limitations of a micro-heat pipe
have been done by Khrustalev and Faghri [21]. Xu
and Carey [22] have developed an analytical model for
evaporation from a V-shaped micro-groove surface
assuming that the evaporation takes place only from
the thin film region of the meniscus. Ravikumar and
DasGupta [23] have presented a model for evaporation
from V-shaped micro-grooves. Later, researchers have
investigated the concept of using micro-heat pipe as an
effective heat spreader [24,25]. Determination of dry-
out length of a micro-heat pipe has also been investi-
gated [26,27]. Catton and Stores [28] presented one-
dimensional semi-analytical model for the prediction
of wetted length in inclined triangular capillary groove.
They have introduced the concept of accommodation
theory for change in the radius of curvature at the
liquid–vapor interface. Suman et al. [29] have presented
a generalized model of a micro-grooved heat pipe of
polygonal shape. They have performed detailed study
of triangular and rectangular heat pipes. Suman et al.
have also presented semi-transient modeling of a
micro-grooved heat pipe of polygonal shape [30] and
transient analysis of a V-shaped micro-heat pipe [31].
Technical issues related to micro-heat pipes investigated
so far include liquid distribution and charge optimi-
zation by Duncan and Peterson [33] and Mallik and
Peterson [34,35], interfacial thermodynamics in micro-
heat pipe capillary structures by Swanson and Peterson
[36,37] and micro-heat pipe transient behavior by Wu
et al. [38]. Peterson [39] and Cao and Faghri [40] have
done reviews of the literature on micro-heat pipes.

In the present study, the coupled nonlinear governing
equations for fluid flow, heat transfer and mass transfer
developed for a general model of a micro-grooved heat
pipe of any polygonal shape have been solved analyti-
cally. The axial flow of the liquid as a result of the
change in the radius of curvature has been modeled.
The expressions for radius of curvature, liquid velocity,
vapor velocity, liquid pressure, evaporative heat flux,
critical heat input, dry-out length and available capillary
head have been derived. The results predicted by the
model have been successfully compared with the pub-
lished results in literature.
2. Theory

The system in the present study consists of axially
grooved-micro-heat pipe with grooves of any polygonal
shape. Though the model equations in terms of the
shape of the grooves are general in nature, an equilateral
triangular and a rectangular heat pipe have been studied
as test cases. The liquid is pushed from the cold end to
the hot end due to decrease in the radius of curvature
caused by the intrinsic meniscus receding into the cor-
ner. The liquid flows along the corners and the vapor
passes through the open space (Fig. 1). The hot end
and the cold end denote the farthest end of the evapora-
tive and the condenser sections respectively. Decrease in
the radius of curvature results decreases the liquid pres-
sure, which is the driving force for the flow. The liquid
film gradually becomes thinner and more curved (lower
radius of curvature) as the liquid recedes further towards
the apex of the corner.

It has been shown earlier [23] that the axial flow is
primarily caused by capillary forces. The capillary forces
are directly proportional to surface tension of the liquid
and inverse of the radius of curvature. The radius of
curvature of the liquid film is a function of the axial
distance from the cold end. The model presented
develops the governing equations for fluid flow and heat
transfer and relates them to the capillary forces present
in the system. The model equations are developed for
all the three sections i.e., evaporative, adiabatic and con-
denser encompassing the complete heat pipe.

The governing model equations are derived with the
following assumptions: (i) one dimensional steady
incompressible flow along the length of heat pipe; (ii)
uniform distribution of heat input; (iii) negligible heat
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Fig. 1. Schematic of the triangular and the rectangular heat
pipes.
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dissipation due to viscosity; (iv) constant pressure in the
vapor region in the operating range of temperature; (v)
one dimensional temperature variation along the length
of heat pipe; (vi) negligible shear stress at the liquid
vapor interface.

The radius of curvature (R) at the cold end is a con-
stant, which can be calculated from the geometry of the
groove since the cold end is completely filled i.e. R = R0

at the cold end. It is presented in the Appendix A. The
evaluation of relevant geometrical parameters for differ-
ent polygonal shape is also presented in Appendix A.
One corner of a section of heat pipe of any polygonal
shape of length Dx is shown in Fig. 2. The radius of cur-
x  

∆x

Vx  

P x  

Cold End

ρlgsin (β) 

Fig. 2. Volume element of one corner of t
vature, liquid velocity and pressure vary along the length
of the heat pipe. The wall shear stress (sw) acts against
the flow of the liquid.

The steady-state momentum balance in differential
form is given as

qlAlV l
dðV lÞ
dx

þ Al
dP l

dx
þ 2Lhsw þ qlg sinðbÞAl ¼ 0 ð1Þ

The first term in the above equation is the convective
momentum change, the second term is the pressure force
acting on the volume element, the third term is the wall
shear force and the fourth term is gravitational force.
Eq. (1) is valid for all three regions, namely evaporative,
adiabatic and condensing regions. The contribution of
the convective term has been found to be negligible
using the order of magnitude analysis. It has also been
shown [41] that the effect of gravity is negligible and heat
pipes are widely used at places where gravity is not
important. Therefore, after neglecting convective and
gravity terms Eq. (1) can be written as

Al
dP l

dx
þ 2Lhsw ¼ 0 ð2Þ

The liquid pressure can be estimated from the Young–
Laplace equation as

P l � P vo ¼ � r
R

ð3Þ

where Pl is the liquid pressure, Pvo is the pressure in the
vapor region and R is the radius of curvature of liquid
meniscus at any location, x.

The liquid velocity can be given as

V l ¼
R x
0 W bQ

0
cðfÞdf

qlkAl

in condensing section

V l ¼
Q

qlkAl

in adiabatic section

V l ¼
R L
x W bQ

0
eðfÞdf

qlkAl

in evaporative section

9>>>>>>>>=
>>>>>>>>;

ð4Þ
x + ∆x 

τw 

Vx + ∆x 

Px + ∆x 

Hot End

he polygon with all forces specified.
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where Wb is perimeter of the polygon. Q0
c is the heat flux

in the condensing section, which is negative. Q is the to-
tal heat input to the heat pipe. Q0

e is the heat flux in the
evaporative section, which is positive. Eq. (3) is derived
by writing the mass balances in all the three sections.

Similarly, the vapor velocity can be given as

V g ¼
R x
0
W bQ

0
cðfÞdf

qgkðAcs � AlÞ
in condensing section

V g ¼
Q

qgkðAcs � AlÞ
in adiabatic section

V g ¼
R L
x W bQ

0
eðfÞdf

qgkðAcs � AlÞ
in evaporative section

9>>>>>>>>=
>>>>>>>>;

ð5Þ

The supplied heat raises the temperature of the liquid
packet and also evaporates the liquid. Ravikumar and
DasGupta [23] showed that the sensible heat content is
very small as compared to the latent heat for vaporiza-
tion and condensation. Hence, the sensible heat content
can be neglected. Thus, the energy balance in the volume
element can be expressed as

Qv ¼ �Q0
cW b

Rl

in condensing section

Qv ¼ 0 in adiabatic section

Qv ¼
Q0

eW b

Rl

in evaporative section

9>>>>=
>>>>;

ð6Þ

The steady-state energy balance in the substrate is given
by

AcsKs
d2T s

dx2
� Q0

cðxÞW b ¼ 0 in condensing section

AcsKs
d2T s

dx2
¼ 0 in adiabatic section

AcsKs
d2T s

dx2
� Q0

eðxÞW b ¼ 0 in evaporative section

9>>>>>>=
>>>>>>;
ð7Þ

where the first term is the net change in the conductive
heat in the control volume and the second term is the
heat taken up by the coolant liquid.

2.1. Boundary conditions

The radius of curvature of the liquid meniscus at the
cold end (x = 0), R0 is a constant since the cold end is
completely filled. It can be obtained from the geometry
for a known contact angle system. Its calculation has
been presented in Appendix A.

At x ¼ 0; R ¼ R0; T s ¼ T con

At x ¼ f1L;
dT s

dx

����
x¼f1L

¼ 0

At x ¼ f2L;
dT s

dx

����
x¼f2L

¼ 0

At x ¼ L; Qin ¼ �KsAcs
dT s

dx

����
x¼L
2.2. Nondimensionalization

Eqs. (2)–(7) are nondimensionalized using the
following expressions: friction factor, f = K 0/NRe

hydraulic diameter, Dh = 4Al/(2Lh), Reynolds number,
NRe = DhqlVl/l, wall shear stress, sw = qV2f/2, reference
velocity, V R ¼ Q=ðqR2

0kÞ, reference pressure, PR = r/R0,
reference temperature, TR = Tcon. The dimensionless para-
meters are defined as follows: R* (dimensionless radius
of curvature) = R/R0, X* (dimensionless position) =
x/L, V �

l (dimensionless liquid velocity) = Vl/VR, V �
g

(dimensionless vapor velocity) = Vg/VR, P �
l (dimen-

sionless liquid pressure) = Pl/PR, T
�
s (dimensionless sub-

strate temperature) = Ts/TR. K
0 is used in the expression

of friction factor ( f ) and is a constant for a specific
geometry (13.33 for triangle and 15.55 for rectangle with
side ratio 1:2, [32,42]). R0 is the radius of curvature at
the cold end and is a function of side length, contact an-
gle for the substrate–coolant system, and apex angle of
the polygon. After nondimensionalization and rearrang-
ing, Eqs. (2), (3) and (7) can be written as

dR�

dX � ¼
�B2V RV �

l L
rR0

ð8Þ

where

B2¼
lK 0cos2ðaþcÞ

2sin2a
hcotðaþcÞcosðaþcÞsinc

sina
þfcotðaþcÞ�u=2g

i2

Its derivation has been presented in Appendix A.

P �
l ¼

P vo

PR

� R� ð9Þ

d2T �
s

dX �2 �
Q0

cðX �ÞW bL2

TRAcsKs

¼ 0 in condensing section

d2T s

dX �2 ¼ 0 in adiabatic section

d2T �
s

dX �2 �
Q0

eðX �ÞW bL2

TRAcsKs

¼ 0 in evaporative section

9>>>>>>>>=
>>>>>>>>;

ð10Þ

The dimensionless boundary condition can be written
as

at X � ¼ 0; R� ¼ 1; T �
s ¼ 1

at X � ¼ f1;
dT �

s

dX �

����
X �¼f1

¼ 0

at X � ¼ f2;
dT �

s

dX �

����
X �¼f2

¼ 0

at X � ¼ 1; Qin ¼ �KsAcsTR

L
dT �

s

dX �

����
X �¼1

Using above boundary condition, the variations of
dimensionless radius of curvature can be obtained if
the expression for V �

l is known. The temperature profile
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of the substrate can be obtained analytically using Eq.
(10) and the above boundary conditions since the evap-
orative and condensing heat fluxes are function of posi-
tion. The expressions for liquid velocity, vapor velocity,
dimensionless radius of curvature, liquid pressure and
evaporative heat flux for all three sections have been pre-
sented in next sections.

2.2.1. The condensing sectionR X � 0

V �

l ¼ 0
W bQcðgÞdg
V RqlkAl

ð11Þ

V �
g ¼

R X �

0
W bQ

0
cðgÞdg

V RqgkðAcs � AlÞ
ð12Þ

R� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3B0

1

Z X �

0

Z g

0

Q0
cðnÞdn

� �
3

s
dg ð13Þ

where

B0
1 ¼

B2L2W b

rR3
0qlkB1

P �
l ¼

P vo

PR

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3B0

1

Z X �

0

Z g

0

Q0
cðnÞdn

� �
3

s
dg ð14Þ

Qv ¼ �Q0
cW b

Rl

ð15Þ
2.2.2. The adiabatic section

Q

V �

l ¼ V RqlkAl

ð16Þ

V �
g ¼

Q
V RqgkðAcs � AlÞ

ð17Þ

R� ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR�

1Þ
3 � 3QB0

2ðX � � f1Þ
3

q
ð18Þ

where

R�
1 ¼ R�ðf1Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 3B0

1

Z f1

0

Z g

0

Q0
cðnÞdn

� �
3

s
dg

and

B0
2 ¼

B2L

rR3
0qlkB1

P �
l ¼

P vo

PR

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR�

1Þ
3 � 3QB0

2ðX � � f1Þ
3

q
ð19Þ

Qv ¼ 0 ð20Þ
2.2.3. The evaporative sectionR X � 0

V �

l ¼ 0 W bQeðgÞdg
V RqlkAl

ð21Þ

V �
g ¼

R X �

0
W bQ

0
cðgÞdg

V RqgkðAcs � AlÞ
ð22Þ
R� ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR�

2Þ
3 � 3B0

3

Z X �

f2

Z 1

g
Q0

eðnÞdn
� �

3

s
dg ð23Þ

where

R�
2 ¼ R�ðf2Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR�

1Þ
3 � 3B0

2ðX � � f1Þ
3

q
and

B0
3 ¼

B2L2W b

rR3
0qlkB1

¼ B0
1

P �
l ¼

P vo

PR

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðR�

2Þ
3 � 3B0

3

Z X �

0

Z g

0

Q0
eðnÞdn

� �
3

s
dg ð24Þ

Qv ¼
Q0

eW b

Rl

ð25Þ
2.3. Critical heat input and dry-out length

The value of R* at the hot end can predict the max-
imum heat input for the system known as the operating
limit or the critical heat input of the heat pipe. The crit-
ical heat input is defined as the heat input for which the
flow due to the curvature change is not able to meet the
requirement of fluid evaporation at the hot end i.e. suf-
ficient coolant fluid is not available for evaporation at
the hot end. For critical heat input, as no fluid is avail-
able for evaporation, the radius of curvature of the
liquid meniscus at the hot end reaches a value very close
to zero. Then, the device approaches its operating limit.
Therefore, any heat input higher than the critical heat
input propagates the dry region starting from the hot
end towards the cold end. Based on this principle, the
expressions for the critical heat input and the dry-out
length have been developed.

The critical heat input is the heat input for which the
radius of curvature (R*) of the liquid meniscus at the hot
end (X* = 1) reaches a value very close to zero and the
device approaches its operating limit. Mathematically,
this can be represented as follows:

For Q = Qcr, R* = 0 at X* = 1

Hence, by solving Eqs. (13), (18) and (23) for known
heat flux distributions in evaporative and condensing
sections, the expression for the critical heat input can
be obtained. By taking constant heat fluxes in evapora-
tive and condensing regions (Q0

c ¼
Q

f1W bL
and Q0

e ¼
Q

ð1�f2ÞW bL
), the expression for the critical heat input can

be given as follows:

Qcr ¼
2B1rqlkR

3
0

3B2Lf1þ f2 � f1g
ð26Þ

By takingQ0
c ¼

Qðmþ1Þ
W bðf1LÞmþ1 ðf1 � X �Þm andQ0

e ¼
Qðmþ1Þ

W bðLð1�f2ÞÞmþ1 �
ðX � � f2Þm, the expression for critical heat input is obtained
as
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Qcr ¼
rqlkB1ðR0Þ3

3B2Lðf2 � f1Þ þ
3B2Lð1� f2 þ f1Þ

Lm

mþ 1

mþ 2

� � ð27Þ

The analytical model presented here can be used to cal-
culate the dry-out length (Ld) for a set of process vari-
ables. The radius of curvature at the hot end for the
critical heat input becomes very close to zero. The cap-
illary pumping becomes less than the rate of evaporation
for heat input higher than the critical heat. This propa-
gates the dry region starting from the hot end towards
the cold end. The dry region of the heat pipe is known
as dry-out length. If Q < Qcr, the heat pipe is working
without generating any dry-region. If the heat input is
greater than the critical heat input and less than the heat
required (Q2) to onset the dry-out at the junction of the
evaporative and the adiabatic sections i.e. R�

2 ¼ 0,
the dry-out region is only in the evaporative section.
The general expression for Q2 can be obtained by equat-
ing R�

2 to zero as follows:

3B0
2ðf2 � f1Þ ¼ 1� 3B0

1

Z f1

0

Z g

0

Q0ðnÞdn
� �

ð28Þ

The dry-out length can be calculated by evaluating X �
d as

follows:

3B0
3

Z X �
d

f2

Z 1

g
Q0ðnÞdn

� �
dg ¼ R3

2 ð29Þ

and

Ld ¼ Lð1� X �
dÞ ð30Þ

For the constant heat input distributions in evapora-
tive and condensing sections, the expressions for Q2 and
the dry-out length can be given as follows:
H c ¼ r

�
1

R�ð1Þ �
1

R�ð0Þ

�
¼ rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 3B0
1

R f1
0

nR g
0 Q

0ðnÞdn
o
dg� 3B0

2ðf2 � f1Þ � 3B0
3

R 1

f2

R 1

g Q
0ðnÞdn

n o
3

r
dg

ð39Þ
Q2 ¼
rB1qlkR

3
0

3B2L ðf2 � f1Þ þ
ðf1Þ2

2ð1� f2Þ

( ) ð31Þ

Ld ¼ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2

ðR�
2Þ

3ð1� f2ÞrB1R3
0qlk

3B2LQ
þ f2 �

ðf2Þ2

2

( )vuut
ð32Þ

If Q2 < Q < Q1 (input heat required to onset of dry-out
at the junction of the adiabatic and condensing sec-
tions), the dry-region is in the evaporative and the adia-
batic sections. The expression for Q1 can be obtained by
equating R�

1 to zero as
1 ¼ 3B0
1

Z f1

0

Z g

0

Q0ðnÞdn
� �

dg ð33Þ

The expression for the dry-out length can be obtained
using Eq. (30) where X �

d is given as follows:

X �
d ¼

R3
1

3B0
2

þ f1 ð34Þ

For constant heat input distributions in evaporative
and condensing sections, the expressions for Q1 and
the dry-out length are given as follows:

Q1 ¼
2B1rR3

0qlk
3B2Lf 1

ð35Þ

Ld ¼ L 1� ðR�
1Þ

3

3B0
2

þ f1

 !
ð36Þ

If Q > Q1, the dry-out is in all three sections and it is
calculated using Eq. (30) where X �

d is given as follows:

3B0
1

Z X �
c

0

Z g

0

Q0ðnÞdn
� �

dg ¼ 1 ð37Þ

For constant heat input distribution, the expression for
dry-out is given as follows:

Ld ¼ L 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2B1rR3

0qlk
3B2Lf 1

s0
@

1
A ð38Þ

2.4. Available capillary head

Capillary pumping is the driving force for fluid flow
in a micro-heat pipe. Therefore, it is useful to know
the available capillary head for fluid flow. Using the ana-
lytical model, the expression for the available capillary
head for fluid flow is given as
For the constant heat input in evaporative and con-
densing sections, the expression for the available capil-
lary head becomes

H c ¼
rffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 3B2LQðf1 � f2 þ 1Þ
2rqlkB1ðR0Þ3

3

s ð40Þ
3. Results and discussion

Two test cases are analyzed and the model is vali-
dated with the numerical results of Suman et al. [29]



B. Suman, P. Kumar / International Journal of Heat and Mass Transfer 48 (2005) 4498–4509 4505
and experimental result of Anand et al. [27]. The heat
pipes selected for this study are: (i) an equilateral trian-
gular heat pipe with side equal to 400 lm and (ii) a rect-
angular (400 lm · 800 lm) heat pipe. The model is also
valid for any regular polygon with number of sides
greater than four. Pentane is the working fluid with sil-
icon as the substrate. Pentane wets silicon completely
i.e. contact angle (c) is zero. The origin of the coordinate
system is at the cold end (X* = 0). In the subsequent fig-
ures, Tr and Re are used to denote triangular and rect-
angular heat pipes, respectively.

The radius of curvature has an important role in the
performance of micro-heat pipes. The profiles of the
dimensionless radius of curvature along the length of
the heat pipe (R* vs. X*) obtained by the analytical
model presented and the numerical model of Suman
et al. [29] have been presented in Fig. 3. The numerical
model of Suman et al. [29] is experimentally validated
with a mean error percentage of 3.0%. Good agreement
between the profiles obtained by both the models has
been obtained. The rate of change of the dimensionless
radius of curvature is nearly constant for the triangular
heat pipe. This result is in agreement with the model of
Longtin et al. [18]. The radius of curvature at the hot
end for rectangular heat pipe is more depressed than
that for triangular heat pipe. With increase in the num-
ber of sides of a regular polygon, apex angle increases.
Increase in the apex angle decreases the curvature at
the cold end which decreases the capillary force of the
working fluid. With increase in the number of sides of
a regular polygon, friction factor also increases. The in-
crease in friction factor will cause a decrease in liquid
velocity which results in further decrease of the capillary
capacity. Thus, the performance of a heat pipe goes
0.4

0.6

0.8

1

0 0.2 0.4 0.6 0.8 1
X*

R
*

Tr

Re

Fig. 3. Comparison between the present model and the model
by Suman et al. [29] for the variation of the dimensionless
radius of curvature, R*, with dimensionless position, X*, for
triangular and rectangular heat pipes. Solid lines are with the
present model and points are with Suman et al. [29] model.
down with increase in the number of sides. This is in
agreement with the expressions for R* given in Eqs.
(13), (18) and (23) which suggest that the depression in
liquid meniscus (decrement in R* values between the
cold end and the hot end) will be less to transport the
same amount of heat if B0

2 ¼ B2L
rR3

0
qlkB1

is less. The value

of B0
2 is 16.1596 and 29.444 for triangular and rectangu-

lar heat pipes, respectively. Finally, it can be concluded
that a coolant liquid having less l

rqlk
and less K 0L

B1R3
0

should

be chosen to optimize the heat pipe performance.

The liquid velocities can be obtained from Eqs. (11),
(16) and (21) and the vapor velocities can be obtained
from Eqs. (12), (17) and (22) for vapor velocities. The
liquid and vapor velocities decrease with increase in
the latent heat of vaporization and the density. If B0

2 ¼
B2L

rR3
0
qlkB1

is less, depression in liquid meniscus is less and

therefore, liquid velocity is less as more area is available
for liquid flow.

The evaporative heat flux can be obtained by using
Eqs. (15), (20) and (25). If B0

2 ¼ B2L
rR3

0
qlkB1

is less, the evap-

orative heat flux is less. Therefore, the capillary pressure
required is also less, which is supported by Eqs. (14),
(19) and (22).

By solving Eqs. (13), (18) and (23), the critical heat
input can be obtained using R� = 0 at X� = 1. The
expressions for the critical heat input taking constant
and variable heat input distributions in evaporative
and condensing sections is given by Eqs. (26) and (27).
The expression shows that the critical heat input can
be increased by increasing the surface tension, the latent
heat of vaporization, the liquid density, side length and
by decreasing the groove angle, the length of heat pipe,
the length of adiabatic section (which is a heat transpor-
tation section), and the viscosity. Eq. (26) is also in
agreement with the model of Longtin et al. [18] which
shows that the maximum heat transport capacity of a
micro-heat pipe varies with the inverse of its length
and the cube of its side length. The critical heat inputs
for the triangular and the rectangular heat pipes ob-
tained by the model presented and the model of Suman
et al. [29], which is experimentally validated, have been
presented in Table 1. Good agreement between the crit-
ical heat inputs obtained by both the models has been
observed. Additionally, the ratio of critical heat inputs
for triangular and rectangular heat pipes is obtained as
1.822, which approximately matches with the value 1.6
as reported by Moon et al. [42]. The difference between
the two values might be due to less sharp grooves in their
work. The value of critical heat input is more for trian-
gular heat pipe than that for rectangular heat pipe. This

is due to the geometrical parameter,
B1R3

0

B2
, in the expres-

sion of the critical heat input. Its values for triangular
and rectangular heat pipes are 3.7284E�10 and
2.0606E�10 respectively. Though the values of B2 are
0.008478 and 0.03354 for triangular and rectangular



Table 1
Variation of the critical heat input, Qcr (W) with number of
sides of polygonal heat pipes of length 2 cm by the model
presented and the model by Suman et al. [29]

Number of
sides (n)

Qcr, present
model (W)

Qcr, Suman
et al. [29] (W)

3 0.03102 0.03101
4 0.01702 0.01701
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heat pipes respectively and the values of B1R3
0 are

3.161E�12 and 6.8635E�12 for rectangular and trian-
gular heat pipes respectively. Further, Eqs. (26) and
(27) suggest that the critical heat input decreases with
increase in groove apex angle since the value of B2

increases and the effect of B2 dominates the opposing
effect of B1R3

0.
The presented analytical model is capable of calculat-

ing dry-out length. The value of location, where R* is
zero gives the onset of dry-out length and the region
beyond that location towards the hot end is dry. The
length of dry-region is termed as dry-out length. Using
this methodology, the expression for dry-out length
has been presented. The expressions for dry-out length
for the constant heat input distributions in evaporative
and condenser sections have been given in Eqs. (32),
(36) and (38). The dry-out lengths for the triangular
and the rectangular heat pipes obtained by the model
presented and the model of Suman et al. [29], which is
experimentally validated, have been presented in Fig.
4. Good agreement between the dry-out lengths ob-
tained by both the models has been observed. The dry-
out length for triangular heat pipe is less than that for
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Fig. 4. Comparison between the present model and the model
by Suman et al. [29] for the variation of the dimensionless dry-
out length, with heat input, Q (W), for triangular and
rectangular heat pipes. Solid lines are with the present model
and points are with Suman et al. [29] model.
rectangular heat pipe and their difference decreases with
the increase in heat input. This is due to the geometrical
parameter,

B1R3
0

B2
, in the expression of the dry-out length.

With the increase in heat input, effect of the geometrical
parameter on the dry-out length decreases and therefore,
the difference in dry-out length between rectangular and
triangular heat pipes decreases.

The fluid flow in the micro-heat pipe is because of
capillary pumping. Therefore, the estimation of the cap-
illary pressure generated is an important parameter of
micro-heat pipe. Analytical expression for the available
capillary head has been presented in Eq. (39). For the
constant heat input distributions in evaporative and
condensing sections, the value for the capillary heat
available for the fluid flow is given by Eq. (40). It is seen
that a coolant liquid with higher surface tension, latent
heat of vaporization and density, and lower viscosity,
more capillary head will be available for flow.

In all the above sections, it can be seen that B0
2 plays

an important role to predict the performance of a micro-
heat pipe. It can be nondimensionlized using the heat
input, Qin as B ¼ 1

B0
2
Qin

and B can be called as the perfor-
mance factor of a micro-heat pipe. Higher the value of
B, better is the performance. The values of performance
factor of triangular and rectangular heat pipes for a heat
input of 0.015 W are 4.1254 and 2.2641 respectively.
Based on above observation, it is suggested that the
value of B should be calculated while designing a
micro-heat pipe. Thus, a combination of thermophysical
properties of the coolant liquid, design parameters and
contact angle of the liquid–substrate system that gives
higher value of B should be chosen for a fixed heat
input.
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Fig. 5. Comparison between the present model and experimen-
tal results by Anand et al. [27] for the variation of the substrate
temperature, with dimensionless position, X*, for Q = 1.52 W
and inclination angle = 0�. Solid lines are with the present
model and points are with Anand et al. [27] model.
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By solving Eq. (10) with the given boundary con-
ditions, temperature profile of the substrates can be
obtained. The obtained temperature profile of the
substrate for the value of Q as 1.52 W and inclination
angle of 0� has been compared with the experimental re-
sults of Anand et al. [27] in Fig. 5. In Anand et al. [27],
experiments were carried out in a specially designed cell
to study the onset and propagation of dry out point on a
micro-grooved silicon surface (0.8 cm · 2.8 cm) with
pentane as the coolant liquid. 33 V-grooves of 2 cm
length and 100 lm wide with groove depth of 68.82 lm
were used together with a groove pitch of 200 lm. A ser-
ies of small thermocouples accurately measured the tem-
perature profiles as functions of heat input to the system
and inclination angle. Here, the evaporative length of
7 mm has been considered for the comparison as beyond
that length the temperature is almost constant, which is
considered as adiabatic section. For the comparison,
the heat flux in the evaporative section, Q0

e ¼
Qðmþ1Þ

W bðLð1�f2ÞÞmþ1 ðX � � f2Þm with a value of m as 0.78 has been

considered. The obtained results are in good agreement
with the experimental temperature profile of the sub-
strate for wet run obtained by Anand et al. [27] and
the maximum difference between experimental and ana-
lytical result is 1.45 �C. The obtained temperature is
higher in adiabatic section since convective heat loss is
neglected and is higher in adiabatic section since in this
study no heat transfer between the substrate and coolant
liquid is considered though it is not the case in real
situation.
4. Conclusions

A simple generalized analytical model for fluid flow
and heat transfer in a micro-heat pipe of polygonal
shape has been developed by utilizing a macroscopic ap-
proach. Two different heat pipes of triangular and rect-
angular shape have been considered for the present
study. The analytical expressions for liquid velocity,
vapor velocity, dimensionless radius of curvature, liquid
pressure and evaporative heat flux, critical heat input,
dry-out length and available capillary head have been
developed. Effect of physical properties, design parame-
ters, etc. can be studied using this model. The analytical
model gives quantitative measurement for associated
fluid flow and heat transfer parameters. The model cal-
culates the performance factor, which is useful to design
such a device. Higher is the value of performance factor;
better is the performance of the heat pipe, i.e. higher
critical heat input. The analytical nature of the model
makes it more useful and easy to use. The model is val-
idated with the published results from literature and
good agreement has been obtained. The present study
can be further extended to two-dimensional variation
in heat transfer, fluid flow and radius of curvature.
Appendix A

For polygonal heat pipe with equal sides

R0 ¼
a sin a

2 cosðaþ cÞ

where a is side length of the polygon or smaller side of
the rectangle.

Q0 ¼ Qin=naL

where Qin is the heat input and Q 0 is the heat flux.

a ¼ ðn� 2Þp=2n

where a is half apex angle and n is the number of sides of
the polygon.

W b ¼ na

where Wb is groove perimeter.

For the rectangular heat pipe (side ratio 1:2)

R0 ¼
a sin a

2 cosðaþ cÞ

Q0 ¼ Qin

2ðaþ a1ÞL

where a1 is the larger side of rectangle.

a ¼ p=4

W b ¼ 2ðaþ a1Þ

For the triangular (equilateral) heat pipe

R0 ¼
a sin a

2 cosðaþ cÞ

Q0 ¼ Qin

3aL

a ¼ p=6

W b ¼ 3a

Geometry of one corner of the polygonal heat pipe is
presented in Fig. A1.

The shaded area in Fig. A1 is the cross-sectional area
of the liquid in the heat pipe. The cross-section area of
one corner is expressed as

A0
l ¼ Area of ACBDþArea of DABC

� ðArea of sector AOB�Area of DAOBÞ

The line diagram of section OBC in Fig. A1 is presented
in Fig. A2 in detail.

From Fig. A2, AC and BC are the tangents to the
liquid meniscus



Fig. A1. Geometry of a liquid filled corner.

Fig. A2. Line diagram of section OBD in Fig. A1.
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\ACD ¼ c

\ADC ¼ a

\ACB ¼ 2ðaþ cÞ
\AOB ¼ / ¼ p� 2ðaþ cÞ

L0
h ¼ R

cosðaþ cÞ
sin a

Lh ¼ nL0
h

Rl ¼ nR/
Area of ACBD ¼ R2 cotðaþ cÞ cosðaþ cÞ sin c
sin a

Area of DABC ¼ R2 cotðaþ cÞcos2ðaþ cÞ

Area of sector AOB ¼ /R2=2

Area of DAOB ¼ R2 cosðaþ cÞ sinðaþ cÞ

Hence

A0
l ¼ R2 fcotðaþ cÞ � u=2g þ cotðaþ cÞ cosðaþ cÞ sin c

sin a

� �
and

Al ¼ nA0
l

¼ nR2 cotðaþ cÞ �u=2f gþ cotðaþ cÞ cosðaþ cÞ sin c
sina

� �
¼ B1R2;

where

B1 ¼ n fcotðaþ cÞ � u=2g þ cotðaþ cÞ cosðaþ cÞ sin c
sin a

� �

B2 ¼
lK 0cos2ðaþ cÞ

2sin2a
cotðaþcÞcosðaþcÞsinc

sina
þ cotðaþ cÞ�u=2f g

� �2
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